Abstract. The purpose of this paper is to characterize the lattice-ordered convex subrings of von Neumann regular f -rings. They turn out to be the reduced projectable f -rings satisfying the convexity property, i.e.: for all a, b, if 0 < a < b then b divides a. A real closed version of this result can also be stated.
Preliminaries
In the present work, all rings will be commutative with unity. For such a ring A, we denote by qA the total (or classical) ring of quotients of A. This is the ring of quotients S −1 A where S is the multiplicative set of all non zero-divisors. Two elements a s , b t ∈ qA (where a, b ∈ A and s, t are non zero-divisors) are equal if and only if at − bs = 0. For these constructions we refer to [10, 1] . It is well known that for any ring A, the ring A is qA if and only if every non-invertible An ordered ring (A, ) is a lattice-ordered ring (also called an l-ring) if the set (A, ) is a lattice, i.e.: there exist binary operations ∧ and ∨ on A such that a ∧ b = inf{a, b} and a ∨ b = sup{a, b}, for all a, b ∈ A. A lattice-ordered ring (A, , ∧, ∨) is an f -ring (for function ring), if A is isomorphic to a sub-direct product of a family of totally ordered rings. The reader may refer to [2, chapters 8 and 9] for basic properties concerning lattice ordered rings and f -rings.
In [12] , the author mentions that if A is an f -ring then qA is also an f -ring, where the lattice-order structure of qA is given by
where b ∈ A is a non zero-divisor with b > 0. In the case of a reduced f -ring A, qA is then a reduced f -ring where A is an f -subring of qA by the embedding i : A → qA : a → a 1 . Furthermore, [12, Proposition 1.1] proves that if A is a reduced f -ring then the space πA of minimal prime ideals of A is homeomorphic to the space π(qA) of minimal prime ideals of qA, and the homeomorphism is given by ϕ : π(qA) → πA : P → P ∩ A = P c , the contraction.
Projectability of f -rings was introduced by Keimel in [8] in order to have a representation theorem in terms of continuous sections of Hausdorff sheaves of totally ordered rings over a boolean space. A ring A is projectable if A = a ⊥ + a ⊥⊥ for all a ∈ A. In the proof of Theorem 2.4 of [12] , the author proves that if A is a projectable f -ring then qA is also a projectable f -ring. Moreover, Proposition 1.2 of [12] says that for a reduced f -ring A such that A = qA, the ring A is projectable if and only if A is a von Neumann regular ring. The previous discussion and the fact that q(qA) = qA for any commutative ring A gives the next result. Proposition 1.1. If A is a reduced projectable f -ring, then qA is a von Neumann regular ring.
Convexity in von Neumann Regular Rings
The following lemma explains how the order of qA is deduced from the definition of the lattice structure on qA, (cf. [12, p. 356] ), and it is given with respect to the order of A.
Lemma 2.1. For any f -ring A, any a, b ∈ A, and any positive non zerodivisors s, t ∈ A, we have that 
Therefore we also have a s < b t ⇐⇒ at < bs.
An ordered ring A satisfies the first convexity property if the formula
This definition is a special case of the n-th convexity property in [11] and it also appears in [6] as the divisibility property. The first convexity property may be restated in terms of the embedding of the ring in its total ring of quotients. The next proposition can be deduced from Theorem 7.6 and Proposition 6.10 (i) and (ii) respectively in [9] . We must first observe that a projectable f -ring has dominating units; cf. Definition 2 of Section 7 in [9] . We give here a simpler proof in the case of projectability, but we need first of all the notion of a Boolean product. According to [3] (or [4] ), a ring A is a Boolean product of an indexed family (A x ) x∈X , X = ∅, of rings if A is a subdirect product of x∈X A x where X can be endowed with a Boolean space topology so that:
is a clopen set of X, for all a, b ∈ A; and (ii) if a, b ∈ A and N is a clopen set of X, then the element c = a N ∪ b X N must be in A. The element c is a in N and b in X N .
As usual, we will denote this by
Proposition 2.2. Let A be an f -ring. (ii) Let a, b ∈ A be such that 0 < a < b.
If b is a non zero-divisor, then we may consider If b is a zero divisor, we use the projectability of A and the representation Theorem of Keimel in [8] in order to get A ∈ Γ a πA, (A/p) p∈πA , where πA is the space of minimal prime ideals of A. Since b is a zero divisor, the clopen set
The element s = b πA N ∪ 1 N belongs to A and is such that 0 < a < s. Now s ∈ A is a non zero-divisor. By the previous item we have s | a in A, i.e., there exists c ∈ A such that sc = a. We prove bc = a. It suffices to see Proof. It suffices to take B = qA in Propositions 1.1 and 2.2.
It is a well known fact that for a von-Neumann regular ring A, there exists a Boolean space X and a family (A x ) x∈X of fields such that A ∈ Γ a X, (A x ) x∈X . Moreover, X and the family (A x ) x∈X are uniquely determined by A. For an element a in a von-Neumann regular ring A, we call a * ∈ A the element defined by
Note that a * = 1 a N ∪ 0 X N , where N = a = 0 ; and that aa * is an idempotent of A.
The converse of Proposition 2.3 is also true, as the next two propositions will prove. 
CONVEX LATTICE-ORDERED SUBRINGS OF VON NEUMANN REGULAR F -RINGS 165
Proof. Obviously, A is a reduced f -ring, by [2, §9.1.2]. To prove that A is projectable, we take any a ∈ A and we show that A = a ⊥ + a ⊥⊥ . Let α ∈ A be any element. Considering a ∈ B, there is a * ∈ B such that aa * is an idempotent of B. Then the equality α = α(aa * ) + α(1 − aa * ) holds in B. Observe that α(aa * ) = |α| · aa * |α|, see [2, §9.4.17]. Since α ∈ A, then |α| ∈ A too. Therefore we have −|α| α aa * |α|. The convexity of A in B proves that α aa * ∈ A. As 1 − aa * is also an idempotent, we similarly have that α 1 − aa * ∈ A.
It is clear that
For this, take y ∈ a ⊥ (i.e., ya = 0) and then yd = y α aa *
Using Proposition 2.4, we can further prove the next result.
Proposition 2.5. Let A be a lattice-ordered ring. If there exists a von Neumann regular f -ring B such that A is a convex lattice-ordered subring of B, then A satisfies the first convexity property.
Proof. By Proposition 2.4, A is a projectable reduced f -ring. Therefore qA is a von Neumann regular f -ring. Now we prove that g : qA → B : a s → as * , where a ∈ A and 0 = s ∈ A is a non zero-divisor, is a well-defined injective homomorphism of ordered rings.
Observe first that if 0 = s ∈ A is a non zero-divisor, then s * ∈ B is such that ss * = 1. In a representation of B as continuous sections of a Hausdorff sheaf of fields over the Boolean space X = πB of prime ideals of B, we must have N = x ∈ πB : s(x) = 0 = ∅; for if N = ∅ then d = 1 N ∩ 0 X N ∈ B is a nonzero element with sd = 0. Then s(x) = 0 for all x ∈ πB, and this shows that s * (x) = 1 s(x) for all x ∈ πB. In particular ss * = 1. A similar argument shows that if s, t ∈ A are non zero-divisors, we must have (st) * = s * t * .
The map g is well defined, for if a, b ∈ A and s, t ∈ A are two non zerodivisors such that a s = b t in qA, then at = bs in A. Multiplying this equation by s * and t * , we get as * = bt * . The map g is clearly a ring homomorphism.
The map g is a homomorphism of ordered rings: let a s ∈ qA be such that a s 0, with 0 = s ∈ A a non zero-divisor. As we already know, we may suppose that s > 0. Looking at the element s ∈ B in the representation of B as a Boolean sheaf of fields, we have s * (x) = 1 s(x) > 0 for all x ∈ πB. Therefore s * > 0. We also know that where j : A → B is the inclusion, is commutative. This is clear, as
From the convexity of the inclusion j : A → B, it follows that ι : A → qA : a → a 1 is a convex embedding. If a s ∈ qA is such that 0 < a s < b, with a, b ∈ A and 0 = s ∈ A a non zero-divisor, then on applying the injective order homomorphism g to this inequality, we get 0 < as * < b. By convexity of the inclusion j : A → B, we obtain as * ∈ A. Setting c := as * ∈ A, we have cs = as * s = a ss * = a1 = a, and so (i) A is a reduced and projectable f -ring satisfying the first convexity property;
(ii) there exists a von Neumann regular f -ring B such that A is a convex lattice-ordered subring of B.
In fact, [15, Corollary 2.4] proves that the ring B in the previous theorem must be qA.
Convexity in von Neumann Regular Real Closed Rings
A "real closed" version of this theorem can be proved. According to [13] , a domain A is real closed if the following properties are satisfied: (i) the quotient field cf(A) of A is a real closed field, (ii) A is integrally closed, and (iii) if 0 b a then b | a 2 for all a, b ∈ A. A ring A is real closed (cf. [13] ) if it has the following properties: (i) A is reduced, (ii) the sum of two radical ideals of A is a radical ideal of A, and, (iii) for every prime ideal p of A, the ring A/p is a real closed domain. Boolean products of real closed valuation rings and real closed fields turned out to be projectable real closed rings satisfying the first convexity property [7, Proposition 3.4] . We are going to prove that these rings are precisely those whose total ring of quotients is a von Neumann regular real closed ring. We first prove an auxiliary result.
Proposition 3.1. If A is a reduced and projectable f -ring, then
Proof. By the proof of [12, Theorem 2.4], by [8] and by Proposition 1.1 above, it suffices to prove that for each (minimal) prime ideal P of qA, there is an ordered-ring isomorphism between qA/P and cf(A/p), where p = P ∩ A is the minimal prime ideal associated to P by contraction.
Consider ϕ : qA → cf(A/p) : 
Moreover, ϕ is a surjective homomorphism. Take We can now establish the next proposition. Proposition 3.2. Let A be an f -ring. If A is a projectable real closed ring satisfying the first convexity property then qA is a von Neumann regular real closed ring.
Proof. Let A be a projectable real closed ring satisfying the first convexity property. Then A/p is a real closed valuation ring, for every minimal prime ideal p of A ( [7] ). By Proposition 3.1, we have qA ∈ Γ a πA, cf(A/p) p∈πA . And cf(A/p) are real closed fields, for every minimal prime ideal p of A; see [5] . Therefore qA is a Boolean product of real closed fields, i.e., a von Neumann regular real closed ring.
In [14, Theorems 5.9 and 5.12], the author mentions that if B is a real closed ring and A is a convex subring of B, then A is a real closed ring and B is a ring of quotients of A with respect to the multiplicative set S = A + ∩ B × of positive elements of A invertible in B. With these results, a "real closed" version of Theorem 2.6 can be proved. (i) A is a projectable real closed ring satisfying the first convexity property;
(ii) there exists a von Neumann regular real closed ring B such that A is a convex lattice-ordered subring of B.
Proof. The implication (i) =⇒ (ii) follows easily from Propositions 2.2 and 3.2.
(ii) =⇒ (i): By Theorem 2.6, A is a reduced and projectable f -ring satisfying the first convexity property. By [14, Theorem 5.9] , it follows that A is a real closed ring.
By [14, Theorem 5 .21], the ring B in Theorem 3.3 must be qA.
There is an easy way to see that A is a real closed ring in the proof (ii) =⇒ (i) above. First, we remind that an ordered ring (A, ) satisfies the intermediate value property for one-variable polynomials if for any p(x) ∈ A[x] a monic polynomial and a, b ∈ A such that p(a)p(b) < 0, there is c ∈ (a, b) such that p(c) = 0. By Propositions 2.4 and 3.4 of [7] , it suffices to prove that A satisfies the intermediate value property for one-variable polynomials. Now take p(x) ∈ A[x] a monic polynomial and a, b ∈ A such that p(a)p(b) < 0. Note that B also satisfies the intermediate value property for one-variable polynomials: see the remarks after Proposition 2.4 of [7] . Therefore there exists c ∈ B such that p(c) = 0 and a < c < b. The convexity of A in B then shows that c ∈ A. 
